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LETTER TO THE EDITOR

Space-times with a group of motions on null hypersurfaces

Dietrich Kramer
Sektion Physik, Friedrich-Schiller-Universitdt Jena, DDR-69 Jena, Max-Wien-Platz 1

Received 23 November 1979

Abstract. The energy conditions imply that null-homogeneous solutions of the Einstein
field equations admit a non-expanding shear-free normal null congruence, and that these
space-times are algebraically special.

By definition, spatially homogeneous space—times admit a group of motions G5 acting
on three-dimensional space-like surfaces of transitivity. Here we consider space—times
in which a group of motions acts transitively on null hypersurfaces N3; we call these
space-times null-homogeneous. Petrov’s book (Petrov 1966) contains a complete list
of the normal-hyperbolic Riemannian spaces V, admitting a group Gs on null hyper-
surfaces N;. For all Bianchi types compatible with the Lorentzian signature, the special
line elements and the corresponding Killing vectors have been given. Moreover, Petrov
determined the subclass of these metrics which even admits higher-dimensional groups,
G4 and Gs, on N;. In the papers on null-homogeneous space—times, the group is
usually supposed to be a multiply transitive group (Lauten and Ray 1975, 1977, Ray
1976, MacCallum 1979, Crade and Hall 1979). The following considerations are not
restricted to that case. We show that the energy conditions impose severe restrictions
on null-homogeneous space-times and exclude some of the metrics given by Petrov.
The plane waves are the only null-homogeneous solutions of the Einstein—-Maxwell
equations.

We suppose that the surfaces of transitivity (group orbits) of G; are null hypersur-
faces N;3. At any point of N; there exists a single null direction. The associated normal
null congruence

ka =u,av kaka =0, (1)

is automatically geodesic. The hypersurfaces N; can be parametrised by u (u being
constant in each N3). Three independent Killing vectors ¢4 (A=1...3) lie in N3 so
that they are orthogonal to k¢,

ik, =0, an =0, k*=C*(x)¢a. )
The Lie derivatives of £ with respect to ¢4 vanish,
Lak =Eakly ~ k4, =0, 3

and quantities obtained by metric operations on k“ have zero Lie derivatives; in
particular

k;bb;afii=0=k?b;aka- (4)
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We introduce a complex null tetrad (k% [% ¢%, %), all scalar products being zero except
—kal® =1=1t,1" (5)

The complex conjugate vectors t* and 7“ are tangent to N5 whereas the real null vector
[* points away.
A physically reasonable energy-momentum tensor 7,, has to obey the following
conditions (see Hawking and Ellis 1973).
(i) The local energy density measured by any observer with four-velocity u“ is
non-negative,

Taouu® =0 (6)

(weak energy condition).
(ii) In addition to (6), the local energy flow vector q* with respect to any observer is
non-spacelike,

9.9° <0, q°=T"n, (7

(dominant energy condition).
By continuity, these conditions must still be true if we replace u“ by the null vector k*“.
Hence we impose the conditions

T..k°k® =0, (8)

T, Tk <0. 9)
From (4) and the Ricci identity we obtain

Ropkk® = kb uk® =k by ok ® = —kaypk®°. (10)

In terms of the shear and expansion of k£, denoted by o and p respectively, equation
(10) reads

Rupkk® = =2(06 +p*) <0, (11)

o =kgutt%, p=kaott’ =p. (12)
Comparing the inequalities (8) and (11), we conclude that the relations

Rak?k* =0 (13)

oc=0=p (14)

hold. The normal null congruence k“ must be non-expanding and shear-free. There-
fore the covariant derivative k,., can be expressed as

ka‘,b =kapb+kbpaa Da a=0, (15)

where p“ is a vector in N,
With (13) and (14), the condition (9) takes the form

RaR%k%k = kb pk %, <0, (16)
A short calculation, however, leads to

k®.ask % = Pap” =2|Rapt’k "> =0,

(17)
p‘a Epa;bk b, paka =0.
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The comparison of the inequalities (16) and (17) gives us the additional information

Pab® = 0= Roptk?, (18)
i.e. p® is parallel to k°,

Praks; =0, (19)
and k“ is a Ricci eigendirection,

Rak®k® =0 = R,t°k® & ki Ra15k” = 0. (20)

Therefore, according to the Goldberg—Sachs (1962) theorem, the geodesic shear-free
null congruence k*? is a repeated principal null direction of the Weyl tensor,

k(eCapeak °k @ = 0. (21)

Hence the null-homogeneous space-times are algebraically special. A simple direct
proof of this fact is based on the relation

Rapeak *k® = —pepkpka. (22)
The following theorem summarises the results obtained.
Theorem. If the energy-momentum tensor of a null-homogeneous space-time obeys
the energy conditions (8) and (9), then the normal null congruence k* must be
(i) non-expanding and shear-free,

(ii) an eigendirection of the Ricci tensor,
(i) a repeated principal null direction of the Weyl tensor.

The existence of a non-expanding and shear-free normal null congruence implies
that the space-time metric can be cast into the normal form (Kundt 1961)

ds?=2P7%|d¢ + Bdu|*—2du dv ~2H du?,
P,v =0, B,vv =0, (23)

where P and H are real functions and B is complex. Obviously, there are two-
dimensional space-like surfaces V), (1 = constant, v = constant), the wave surfaces, We
choose the null tetrad such that t* and * are surface-forming vector fields in V5,

tbif‘b=i”tf‘b =At* - Ai° (24)
The Gaussian curvature
K = ~Rupeat’t’t°t* =2P*(In P) 7 (25)

of V5 is an invariant of the four-dimensional geometry and must have the same value at
all points of a hypersurface Nj:

kota=0=> K=K(u) (26)

Not all of Petrov’s metrics belong to the class (23), so that the energy conditions rule out
some of the gravitational fields admitting a G5 on Nj.

Up to now we did not need any specified form of the energy-momentum tensor;
only the energy conditions have been used. Perfect fluid solutions are excluded by (13).
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For vacuum, Einstein-Maxwell and radiation fields (T, = uk.k), it can be shown, with
the aid of the Newman-Penrose equations, that the spin coefficient + must vanish,

r=kopt®l® = —put® =0 27)
> Praks1=0 = Kayp = f(U)kaks.

Hence there is a covariantly constant null vector field parallel to k% and the only
solutions of the field equations are plane waves.
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